Abstract In these notes we review the field-theoretical approach to the computation of the scalar product of multi-magnon states in the Sutherland limit where the magnon rapidities condense into one or several macroscopic arrays. We formulate a systematic procedure for computing the 1/M expansion of the on-shell/off-shell scalar product of M -magnon states in the generalised integrable model with SU (2)-invariant rational R-matrix. The coefficients of the expansion are obtained as multiple contour integrals in the rapidity plane.
Introduction
In many cases the calculation of form factors and correlation functions within quantum integrable models solvable by the Bethe Ansatz reduces to the calculation of scalar products of Bethe vectors. The best studied case is that of the models based on the SU (2)-invariant R-matrix. A determinant formula for the the norm-squared of an on-shell state has been conjectured by Gaudin [1] , and then proved by Korepin in [2] . Sum formulas for the scalar product between two generic Bethe states were obtained by by Izergin and Korepin [2] [3] [4] . Furthermore, the scalar product between an on-shell and off-shell Bethe vector was expressed in determinant form by Slavnov [5] . This representation proved to be very useful in the computation of correlation functions of the XXX and XXZ models [6] . Although the Slavnov determinant formula is, by all evidence, not generalisable for higher rank groups, compact and potentially useful expressions of the scalar products as multiple contour integrals of (products of) determinants were proposed in [7] [8] [9] [10] .
The above-mentioned sum and determinant formulas are efficient for states compsed if few magnons. In order to evaluate scalar products of multi-magnon states, new semi-classical methods specific for the problem need to be developed.
Of particular interest is the evaluation of the scalar product of Bethe wave functions describing the lowest excitations above the ferromagnetic vacuum composed of given (large) number of magnons. The magnon rapidities for such excitations organise themselves in a small number of macroscopically large bound complexes [15, 16] . It is common to refer this limit as a thermodynamical, or semi-classical, or Sutherland limit. In the last years the thermodynamical limit attracted much attention in the context of the integrability in AdS/CFT [17] , where it describes "heavy" operators in the N = 4 supersymmetric YangMills theory (SYM), dual to classical strings embedded in the curved AdS 5 × S 5 space-time [18, 19] . It has been realised that the computation of some 3-point functions of such heavy operators boils down to the computation of the scalar product of the corresponding Bethe wave functions in the thermodynamical limit [11, 12, [20] [21] [22] .
In this notes, based largely on the results obtained in [11] [12] [13] [14] , we review the field-theoretical approach developed by E. Bettelheim and the author [14] , which leads to a systematical semi-classical expansion of the on-shell/off-shell scalar product. The field-theoretical representation is not sensitive to the particular representation of the monodromy matrix and we put it in the context of the generalised integrable model with SU (2) invariant rational R-matrix.
The text is organised as follows. In Section 2 we remind the basic facts and conventions concerning the Algebraic Bethe Ansatz for rational SU (2)-invariant R-matrix. In Section 3 we give an alternative determinant representation of the on-shell/off-shell scalar product of two M -magnon Bethe vectors in spin chains with rational SU (2)-invariant R-matrix. This representation, which has the form of an 2M × 2M determinant, possesses an unexpected symmetry: it is invariant under the group S 2M of the permutations of the union of the magnon rapidities of the left and the right states, while the Korepin sum formulas and the Slavnov determinant have a smaller S M × S M symmetry. We refer to the symmetric expression in question as A -functional to underline the relation with a similar quantity, previously studied in the papers [20, 31] and denoted there by the same letter. In the generalised SU (2)-invariant integrable model the A -functional depends on the ratio of the eigenvalues of the diagonal elements of the monodromy matrix on the pseudovacuum, considered as a free functional variable. In Section 4 we write the A -functional as an expectation value in the Fock space of free chiral fermions. The fermionic representation implies that the A -functional is a KP τ -function, but we do not use this fact explicitly. By two-dimensional bosonization we obtain a formulation of the A -functional in terms of a chiral bosonic field with exponential interaction. The bosonic field describes a Coulomb gas of dipole charges. The thermodynamical limit M 1 is described by an effective (0 + 1)-dimensional field theory, obtained by integrating the fast-scale modes of the original bosonic field. In terms of the dipole gas the effective theory contains composite particles representing bound states of any number of dipoles. The Feynman diagram technique for the effective field theory for the slow-scale modes is expected to give the perturbative 1/M expansion of the scalar product. We evaluate explicitly the first two terms of this expansion. The leading term reproduces the known expression as a contour integral of a dilogarithm, obtained by different methods in [31] and [11, 12] , while the subleading term, given by a double contour integral, is a new result reported recently in [14] .
Algebraic Bethe Ansatz for integrable models with su(2) R-matrix
We remind some facts about the ABA for the su(2)-type models and introduce our notations. The monodromy matrix M (u) is a 2 × 2 matrix [23, 24] 
The matrix elements A, B, C, D are operators in the Hilbert space of the model and depend on the complex spectral parameter u called rapidity. The monodromy matrix obeys the RT T -relation (Yang-Baxter equation)
Here I denotes the 2 × 2 identity matrix and the 4 × 4 matrix R(u) is the SU (2) rational R-matrix whose entries are c-numbers. The latter is given, up to a numerical factor, by
with the operator P αβ acting as a permutation of the spins in the spaces α and β. In the standard normalization ε = 1. The RT T relation determines the algebra of the monodromy matrix elements, which is the same for all su (2) The trace T = A + D of the monodromy matrix is called transfer matrix. Sometimes it is useful to introduce a twist parameter κ (see, for example, [25] ). The twist preserves the integrability: the twisted transfer matrix T (u) = tr (
satisfies [T (u), T (v)] = 0 for all u and v.
To define a quantum-mechanical system completely, one must determine the action of the elements of the monodromy matrix in the Hilbert space. In the framework of the ABA the Hilbert space is constructed as a Fock space associated with a cyclic vector |Ω , called pseudovacuum, which is an eigenvector of the operators A and D and is annihilated by the operator C:
The dual pseudo-vacuum satisfies the relations
Here a(u) and d(u) are are complex-valued functions whose explicit form depends on the choice of the representation of the algebra (2). We will not need the specific form of these functions, except for some mild analyticity requirements. In other words, we will consider the generalized SU (2) model in the sense of [2] , in which the functions a(u) and d(u) are considered as free functional parameters. The vectors obtained from the pseudo-vacuum |Ω by acting with the 'raising operators' B(u),
are called Bethe states. Since the B-operators commute, the state |u is invariant under the permutations of the elements of the set u.
The Bethe states that are eigenstates of the (twisted) transfer matrix are called 'on-shell'. Their rapidities obey the Bethe Ansatz equations
Here and in the following we will use the notation
The corresponding eigenvalue of the transfer matrix T (x) is
If the rapidities u are generic, the Bethe state is called 'off-shell'.
In the unitary representations of the RT T -algebra, like the XXX 1/2 spin chain, the on-shell states form a complete set in the Hilbert space. The XXX spin chain of length L can be deformed by introducing inhomogeneities θ 1 , . . . , θ L associated with the L sites of the spin chain. The eigenvalues of the operators A(v) and D(v) on the vacuum in the inhomogeneous XXX chain are given by
where the polynomial Q θ (x) is defined as
Any Bethe state is completely characterised by its pseudo-momentum, known also under the name of counting function [27] 
The Bethe equations (8) imply that
where the integers n j are called mode numbers.
Determinant formulas for the inner product
In order to expand the states |v with given a set of rapidities in the basis of eigenvectors |u of the monodromy matrix,
we need to compute the scalar product v|u of an off-shell and an on-shell Bethe state. The scalar product is related to the bilinear form
by (u, v) = (−1) M u * |v . This follows from the complex Hermitian convention B(u) † = −C(u * ). The inner product can be computed by commuting the B-operators to the left and the A-operators to the right according to the algebra (2), and then applying the relations (5) and (6) . The resulting sum formula written down by Korepin [2] works well for small number of magnons but for larger M becomes intractable.
An important observation was made by N. Slavnov [5] , who realised that when one of the two states is on-shell, the Korepin sum formula gives the expansion of the determinant of a sum of two M × M matrices. 2 Although the Slavnov determinant formula does not give obvious advantages for taking the thermodynamical limit, is was used to elaborate alternative determinant formulas, which are better suited for this task [11] [12] [13] [14] .
Up to a trivial factor, the inner product depends on the functional argument
and on two sets of rapidities, u = {u 1 , . . . , u M } and v = {v 1 , . . . , v M }. Since the rapidities within each of the two sets are not ordered, the inner product has symmetry S M × S M , where S M is the group of permutations of M elements. It came then as a surprise that the inner product can be written [13] 3 as a restriction on the mass shell (for one of the two sets of rapidities) of an expression completely symmetric with respect of the permutations of the union w ≡ {w 1 , . . . , w 2M } = {u 1 , . . . , u M , v 1 , . . . , v M } of the rapidities of the two states:
where the functional
In the XXX 1/2 spin chain, the r.h.s. of (4) is proportional to the inner product of an off-shell Bethe state |w and a state obtained from the left vacuum by a global SU (2) rotation [13] . Such inner products can be given statistical interpretation as a partial domain-wall partition function (pDWPF) [29] . In this case the identity (4) can be explained with the global su(2) symmetry [13] .
Another determinant formula, which is particularly useful for taking the thermodynamical limit, is derived in [14] :
where the N × N matrix K has matrix elements
and the weights Q j are obtained as the residues of the same function at the roots w j :
Here Q w is the Baxter polynomial for the set w, c.f. (9) . The determinant formula (6) has the advantage that it exponentiates in a simple way:
The identity (6) is the basis for the field-theoretical approach to the computation of the scalar product in the thermodynamical limit.
4 Field theory of the inner product
The A -functional in terms of free fermions
This determinant on the rhs of (6) can be expressed as a Fock-space expectation value for a Neveu-Schwarz chiral fermion living in the rapidity plane with two-point function
Representing the matrix K in (6) as
it is easy to see that the A -functional is given by the expectation value
In order to take the large N limit, we will need reformulate the problem entirely in terms of the meromorphic function Q(z). The discrete sum of fermion bilinears in the exponent on the rhs of (3) can be written as a contour integral using the fact that the quantities Q j , defined by (8) , are residues of the same function Q(z) at z = w j . As a consequance, the Fock space representation (3) takes the form
where the contour C w encircles the points w and leaves outside all other singularities of Q, as shown in Fig. 1 . Expanding the exponent and performing the gaussian contractions, one writes the A -functional in the form of a Fredholm determinant
Since the function Q has exactly N poles inside the contour C w , only the first N terms of the series are non-zero. The series exponentiates to
This is the vacuum energy energy of the fermionic theory, given by the sum of all vacuum loops. The factor (−1) comes from the Fermi statistics and the factor 1/n accounts for the cyclic symmetry of the loops. The series (6) can be of course obtained directly from (9).
Bosonic theory and Coulomb gas
Alternatively, one can express the A -function in term of a chiral boson φ(x) with two-point function 0|φ(z)φ(u)|0 = log(z − u).
After bosonization ψ(z) → e φ(z) and ψ * (z) → e −φ(z) , where we assumed that the exponents of the gaussian field are normally ordered, the fermion bilinear ψ * (z)ψ(z + iε) becomes, up to a numerical factor, a chiral vertex operator of zero charge
The coefficient is obtained from the OPE
with u = z + iε:
The bosonized form of the operator representation (4) is therefore
where |0 is the bosonic vacuum state with zero charge. Expanding the exponential and applying the OPE (9) one writes the expectation value as the grand-canonical Coulomb-gas partition function
After applying the Cauchy identity, we get back the Fredholm determinant (5).
The thermodynamical limit
Although the roots w = {w 1 , . . . , w N } are off-shell, typically they can be divided into two or three on-shell subsets w (k) , each representing a lowest energy solution of the Bethe equations for given (large) magnon number N (k) . The Bethe roots for such solution are organised in one of several arrays with spacing ∼ ε, called macroscopic Bethe strings, and the distribution of the roots along these arrays is approximated by continuous densities on a collection of contours in the complex rapidity plane [15, 16, 18, 19] .
We choose an N -dependent normalisation of the rapidity such that ε ∼ 1/N . Then the typical size of the contours and the densities remains finite in the limit ε → 0.
In order to compute the A -functional in the large N limit, we will follow the method developed on [14] and based on the field-theoretical formulation of the problem, eq. (11). The method involves a coarsegraining procedure, as does the original computation of the quantity A, carried out in [31] .
Let us mention that there is a close analogy between the above semiclassical analysis and the computation of the instanton partition functions of four-dimensional N = 2 supersymmetric gauge theories in the so-called Ω-background, characterised by two deformation parameters, ε 1 and ε 2 [32, 33] , in the Nekrasov-Shatashvili limit ε 2 → 0 [34] . In this limit the result is expressed in terms of the solution of a non-linear integral equation. The derivation, outlined in [34] and explained in great detail in the recent papers [35, 36] , is based on the iterated Mayer expansion for a one-dimensional non-ideal gas. Our method is a field-theoretical alternative of the the Mayer expansion of the gas of dipole charges created by the ex-ponential operators V n . In our problem the saddle-point of the action (33) also lead to a non-linear integral equation, but the non-linearity disappears when ε → 0.
Of crucial relevance to our approach is the possibility to deform the contour of integration. In order to take advantage of the contour-integral representation, the original integration contour C w surrounding the poles w of the integrand, should be deformed to a contour C which remains at finite distance from the singularities of the function Q when ε → 0, as shown in Fig. 1 . Along the contour C the function Q(z) changes slowly at distances ∼ ε. In all nontrivial applications the weight function Q has a dditional poles, which are those of the function f . The contour C separates the roots w from the poles of f . 
Coarse-graining
We would like to compute the ε-expansion of the expectation value (11), with C w replaced by C. This is a semi-classical expansion with Planck constant = ε. As any semi-classical expansion, the perturbative expansion in ε is an asymptotic expansion. Our strategy is to introduce a cutoff Λ, such that
integrate the ultra-violet (fast-scale) part of the theory in order to obtain an effective infrared (slow-scale) theory. The splitting of the bosonic field into slow and fast pieces into slow and fast pieces is possible only in the thermodynamical limit ε → 0. In this limit the dependence on Λ enters through exponenttially small non-perturbative terms and the perturbative expansion in ε does not depend on Λ.
We thus cut the contour C into segments of length Λ and compute the effective action for the slow piece as the sum of the connected n-point correlators (cumulants) of the vertex operator V. The n-th cumulant Ξ n (z) is obtained by integrating the OPE of a product of n vertex operators
along a segment of the contour C of size Λ, containing the point z. Since we want to evaluate the effect of the short-distance interaction due to the poles, we can assume that the rest of the integrand is analytic everywhere. Then the integration can be performed by residues using the Cauchy identity. This computation has been done previously in [32] in a different context. The easiest way to compute the integral is to fix z 1 = z and integrate with respect to z 2 , . . . , z n . We expand the numerical factor in (14) as a sum over permutations. The (n − 1)! permutations representing maximal cycles of length n give identical contributions to the residue. For the rest of the permutations the contour integral vanishes. We find (z jk ≡ z j − z k )
where
The interaction potential of the effective coarse-grained theory therefore contains, besides the original vertex operator V ≡ V 1 , all composite vertex operators V n with n Λ. If one repeats the computation (15) with the weights Q, one obtains for the n-th cumulant
. (18) As the spacing nε should be smaller than the cut-off length Λ, from the perspective of the effective infrared theory all these particles are point-like. We thus obtained that in the semi-classical limit the A -functional is given, up to non-perturbative terms, by the expectation value
The effective potential can be given a nice operator form, which will be used to extract the perturbative series in ε. For that it is convenient to represent the function f (z) as the ratio
where we introduced the shift operator
Then the weight factor Q n takes the form
and the series in the exponent in (19) can be summed up to
with the operator Li 2 (D) given by the dilogarithmic series
Here we extended the sum over n to infinity, which which can be done with exponential accuracy. The function Φ(z), which we will refer to as "classical potential", plays the role of classical expectation value for the bosonic field φ.
If we specify to the case of the (inhomogeneous, twisted) spin chain, considered in [14] , then f = κ d/a with a, d given by (11) . In this case the classical potential is
Remark. Going back to the fermion representation, we write the result as a Fredholm determinant with different Fredholm kernel,
where the Fredholm operatorK acts in the space of functions analytic in the vicinity of the contour C:
The expression in terms of a Fredholm determinant can be obtained directly by performing the cumulant expansion for the expression of the A -functional as a product of shift operators [12] A
The first two orders of the semi-classical expansion
The effective IR theory is compatible with the semi-classical expansion being of the form
Below we develop a diagram technique for computing the coefficients in the expansion. First we notice that the ε-expansion of the effective interaction in (23) depends on the field φ through the derivatives ∂φ, ∂ 2 φ, etc. We therefore consider the first derivative derivative ∂φ as an independent field
with two-point function
In order to derive the diagram technique, we formulate the expectation value (23) as a path integral for the (0 + 1)-dimensional field ϕ(x) defined on the contour C. The two-point function (31) can be imposed in the standard way by introducing a second field ρ(x) linearly coupled to ϕ. The path integral reads
with action functional
The dependence on ε is through the potential W , obtained by expanding the exponent in (23):
The potential contains a constant term, which gives the leading contribution to the free energy, a tadpole of order 1 and higher vertices that disappears in the limit ε → 0. The Feynman rules for the effective action Y[ϕ, ρ] are such that each given order in ε is obtained as a sum of finite number of Feynman graphs. For the first two orders one obtains
where the double integral is understood as a principal value. The actual choice of the contour C is a subtle issue and depends on the analytic properties of the function Q(x). The contour shold be placed in such away that it does not cross the cuts of the integrand. Returning to the scalar product and ignoring the trivial factors in (4), we find that the first two coefficients of the semi-classical expansion are given by eqs. (35) and (36) with
vertices propagator
Q = e ipu+ipv .(37)
Discussion
In these notes we reviewed the field-theoretical approach to the computation of scalar products of onshell/off-shell Bethe vectors in the generalised model with SU (2) rational R-matrix, which leads to a systematic procedure for computing the semi-classical expansion. The results reported here represent a slight generalisation if those already reported in [12] [13] [14] . We hope that the field-theoretical method could be used to compute scalar products in integrable models associated with higher rank groups, using the fact that the the integrands in the multiple contour integrals of in [7] [8] [9] [10] is expressed as products of Afunctionals.
The problem considered here is formally similar to the problem of computing the instanton partition functions in N = 1 and N = 2 SYM [32] [33] [34] . As a matter of fact, the scalar product in the form (12) is the grand-canonical version of the partition function of the N = 1 SUSY in four dimensions, which was studied in a different large N limit in [38] .
Our main motivation was the computation of the three-point function of heavy operators in N = 4 four-dimensional SYM. Such operators are dual to classical strings in AdS 5 × S 5 and can be compared with certain limit of the string-theory results. For a special class of three-point functions, the semi-classical expansion is readily obtained from that of the scalar product. The leading term F 0 should be obtained on the string theory side as the classical action of a minimal world sheet with three prescribed singularities. The comparison with the recent computation in [37] looks very encouraging. We expect that the meaning of the subleading term on the string theory side is that it takes account of the gaussian fluctuations around the minimal world sheet. In this context it would be interesting to obtain the subleading order of the heavyheavy-light correlation function in the su(2) sector in string theory [39] [40] [41] . In the near-plane-wave limit the subleading order was obtained in [42] .
